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Distribution functions of a simple fluid under shear. II. High shear rates
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The distortion of structure of a simple, inverse 12 soft-sphere fluid undergoing plane Couette flow is studied
by nonequilibrium molecular dynamics~NEMD! and equilibrium molecular dynamics~EMD! with a high-
shear-rate version of the nonequilibrium~NE! potential obtained recently from the NE distribution function
theory of Gan and Eu@Phys. Rev. A45, 3670;46, 6344 ~1992!#. The theory suggests a NE potential under
which the equilibrium structure of the fluid is that of a NE fluid, and also suggests a corresponding Ornstein-
Zernike equation with its closure relations. As in the low-shear-rate case@Yu. V. Kalyuzhnyi, S. T. Cui, P. T.
Cummings, and H. D. Cochran, Phys. Rev. E60, 1716~1999!# the agreement between EMD and the modified
hypernetted chain version of the theory is good. Although the high-shear-rate version of the NE potential
improves the agreement between NEMD and EMD results~in comparison with the low-shear-rate version!, its
predictions are still unsatisfactory. With the high-shear-rate NE potential, EMD gives qualitatively correct
predictions only for the shift of the position of the first maximum of the NE distribution function. The
corresponding changes in the magnitude of the first maximum predicted by EMD have an opposite direction in
comparison with those predicted by NEMD. It is concluded that the NE potential used is not very successful,
and more accurate models for the potential are needed.
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r-
m
o-

a
p-
s
a

h

ke
a-
NE
is
of
o

he
is

i

A
ea
st

o
at
N

i

th

is
the

E
NE
er-

of
r

y,
ll
ake
sed
lts

s.

o-
-

tte
s.
at

at
I. INRODUCTION

In an earlier paper@1#, we tested the low-shear-rate ve
sion of the integral equation theory for the nonequilibriu
~NE! distribution function of a simple fluid under shear, pr
posed recently by Gan and Eu~GE! @2#. They derived a
hierarchy of nonlinear integral equations for the NE fluctu
tions from the NE canonical distribution function, an a
proach similar in spirit to the theory of the structure of den
equilibrium fluids. The GE theory leads to an integral equ
tion for the anisotropic NE pair distribution function whic
reduces to the Percus-Yerick~PY! integral equation in the
equilibrium limit, suggesting that the Ornstein-Zernic
~OZ! relation also holds for NE fluids, i.e., the NE OZ equ
tion ~NEOZ!. In essence, the GE theory postulates a
potential under which the equilibrium structure of a fluid
that of the NE fluid. With such a potential all of the tools
equilibrium statistical mechanics can be brought to bear
the problem of a simple shearing liquid; furthermore, t
possibility of similar progress for molecular liquids
opened up. The best test of the theory is to compare
predictions with NE molecular dynamics~MD! results,
which are available only at relatively high shear rates.
successful theory could be usefully applied at lower sh
rates. The theory and some variants of it have been te
using the methods of NEMD and equilibrium MD~EMD!
with the GE NE potential. From comparison of the results
the theory with results of EMD with the NE potential
lower shear rates, it was concluded that, for a given
potential, the theory is reasonably accurate, especially w
the modified hypernetted chain~MHNC! closure. The EMD
results with the NE potential were also compared with
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results of NEMD and suggest that the NE potential used
not very accurate. More recently an improved version of
NE potential has been developed@3#. It is expected that this
version of the potential, to which we refer as the full N
potential, may provide a more accurate description of the
structure, extending the range of the theory to the high
shear-rate regime.

In this paper we continue to explore the performance
the GE theory with the full NE potential. As in our earlie
study @1# we compare predictions of the MHNC theor
NEMD predictions, and predictions of the EMD for the fu
NE potential. The paper is organized as follows. For the s
of completeness, in the next section we give a conden
summary of the GE theory. In Sec. III we present our resu
and discussion, and in Sec. IV we collect our conclusion

II. SUMMARY OF GAN-EU THEORY

We refer the reader to the original publications@1–3# for
a full discussion of the GE theory. Our terminology and n
tation follow Ref. @1#, and we give only a condensed sum
mary to make the paper self-contained.

Following @1–3#, we consider steady-state planar Coue
flow of a fluid confined between two infinite parallel plate
They axis is perpendicular to the plates, which are located
y562 1

2 D and move with a uniform velocity6 1
2 u0 in op-

posite directions along thex axis. The key quantity of the
present theory is the NE potentialVne(r ), which follows
from the solution of the corresponding kinetic equation th
has been derived and solved in@2,3#. As a result the follow-
ing expression for the NE potential has been proposed:
©2000 The American Physical Society09-1
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Vne~r ,u,f!5V~r !1a~r !r
]V~r !

]r F P

2p
sin2u sin 2f

2
1

3

N1

2p
~2 sin2u sin2f21!G , ~1!

whereV(r ) is the equilibrium potential,p is the hydrostatic
pressure,P andN1 are the shear and normal stresses, resp
tively, anda(r ) is a switching factor

a~r !5H geq~r !, r<r 0

1, r .r 0 ,
~2!

which is needed to avoid the infinitely large negative va
of Vne(r) for r 50. Here r 0 is defined by the inequality
geq(r )<1 for 0,r<r 0, andgeq(r ) is the equilibrium pair
distribution function of the present system. The shear st
and normal stress satisfy the algebraic equation

ḡtpp

6h0
A1

2S 12
4

9
x2D1sinhH tpp

h0
A1

2
xS 2

3
x21D J 50,

~3!

where

N1

2p
5x,

P

2p
52

1

2
A2xS 11

2

3
xD ,

ḡ5
6h0g

p
, tp5b

~2h0mr
1/2!1/2

rs~2b!1/2
,

mr is the reduced mass,s is the size parameter of the pa
ticles, g is the rate of shearing, i.e.,g5(]ux /]y), ux is the
flow velocity along thex axis, andh0 is the Newtonian
~zero-shear-rate! viscosity. The NE potentialVne(r) @Eq. ~1!#
is specialized in the coordinate frame with the azimut
angle around thez axis denoted asf and the polar angle
between vectorr and thez axis denoted asu.

As in @2,3# we consider the case of the soft-sphere eq
librium intermolecular potential

V~r !5eS s

r D 12

. ~4!

TABLE I. Reduced hydrostatic pressurep* 5pe/s3, shear
stressP/2p, and normal stressN1/2p for the soft-sphere particles a
packing fractionn50.45 and reduced temperatureb* 51 calcu-
lated from NEMD simulation. Here the number in parenthese
the statistical uncertainty in the least significant digit of the cor
sponding number andt run is the total run length in the reduced tim
unit t.

g* p* P/2p N1/2p trun

0.00 8.389~1! 0.0000 0.0000
0.50 8.468~1! 20.0400 20.0014 3200
0.75 8.555~1! 20.0578 20.0022 2400
1.00 8.664~1! 20.0737 20.0032 980
01120
c-

e

ss

l

i-

For this potential, NEMD results for the Newtonian viscos
have been parametrized@4#:

h05@0.17110.022~e6.83y21!#
~me!1/2

s2~be!2/3
, ~5!

wherey5(1/A2)rs3(be)1/4 and m52mr . This expression
for h0 has been used to calculate the NE potential~1!.

The expression for the NE potential~1! involves the value
of the hydrostatic pressurep. Following @2,3# one can use the
equilibrium value ofp obtained from the solution of the
Percus-Yevick approximation. However, since the purp
of our study is to examine the accuracy of the NE poten
~1!, we will follow our earlier study@1# and use the value o
the hydrostatic pressure obtained from the correspond
NEMD simulation. For a similar reason, instead of solvi
Eq. ~3!, we will use the NEMD values for the shear an
normal stresses.

Because of the steady-state shearing conditions, the
pair potential~1! as well as the direct and total correlatio

FIG. 1. Mayer function for the high-shear-rate version of the N
potential~1! for the packing fractionn50.45 and azimuthal angle
valuesf50 ~a! andf5p/2 ~b!. Circles represent an exact resu

for g* 51.0 (ḡ51.07) and diamonds represent an exact result

g* 59.047 (ḡ510.0,p* 58.389,P/2p520.223,N1/2p520.237).
Results withl max54 ~solid lines!, l max58 ~long dashed line,g*
59.047), andl max516 ~short dashed line,g* 59.047) are shown.
Here r * 5r /s.

is
-
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DISTRIBUTION FUNCTIONS OF A . . . . II. . . . PHYSICAL REVIEW E63 011209
functions c(r ) and h(r ) are time independent. The NEO
equation takes the form@1–3#

ĥ~k!5 ĉ~k!1r ĉ~k!ĥ~k!. ~6!

As in @1# we will use here the MHNC closure conditions

c~r!5exp@2bVne~r!1h~r!2c~r!1B~r!#2h~r!1c~r!21,
~7!

which proves to be more accurate than the NE PY appr
mation proposed in@2,3#. Here

B~r!52
@h~r!2c~r!#2

2@110.8h~r!20.8c~r!#
, ~8!

FIG. 2. The distortion of the fluid structure due to she
Dgne(r ,u,f)5gne(r ,u,f)2geq(r ) at n50.45,u5p/2, f50, ~a!,
f5p/4 ~b!, f53p/4 ~c!, and g* 50.75 (p* 58.555, P/2p
520.0578,N1/2p520.0022). NEMD~circles!, EMD for the full
NE potential ~1! ~thick solid lines!, EMD for the low-shear-rate
version of the NE potential@1# ~thin solid lines!, andgeq(r ) ~dashed
line!. Herer * 5r /s.
01120
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and ĉ(k),ĥ(k) are the Fourier transforms of the directc(r )
and totalh(r ) correlation functions, respectively. The NEO
equation~6! together with the closure relation~7! and NE
potential ~1! form a closed set of equations to be solve
Solution of this set of equations is obtained by expansion
spherical harmonics as has been utilized in the equilibri
theory of molecular fluids. This consists of expanding t
correlation functions in spherical harmonics, writing the in
tial NEOZ equation as a set of equations for the spher
harmonic expansion coefficients in Fourierk space, and solv-
ing this set using a direct iteration method. This technique
rather standard, and details can be found in many places~see,
for example, Refs.@5,6#!.

III. RESULTS AND DISCUSSION

The present soft-sphere model fluid was studied at va
of the packing fractionn5(p/6)rs350.45, at reduced tem
peratureb* 5be51, and at three different values of re
duced shear rateg* 5gt5gsAm/e50.5,0.75,1.0. Our
NEMD and EMD calculations were carried out following th
scheme described earlier@1#.

,

FIG. 3. The pair distribution function of the simple soft-sphe
fluid under shear,gne(r ,u,f) ~a! and distortion of the fluid struc-
ture due to shear,Dgne(r ,u,f)5gne(r ,u,f)2geq(r ) ~b! at n
50.45, u5p/2, f50, and g* 51.0 (p* 58.664,P/2p5
20.0737,N1/2p520.00321). NEMD~circles!, EMD for the full
NE potential~1! ~thick solid lines!, MHNC for the full NE potential
~1! ~thin solid lines!, andgeq(r ) ~dashed lines!. Herer * 5r /s.
9-3
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Table I presents results from the NEMD calculations,
cluding values of the reduced hydrostatic pressurep*
5pe/s3, shear stressP/2p, and normal stressN1/2p, which
are used as input to some of the theoretical calculations
estimate the number of harmonicsl max needed to represen
the Mayer function accurately for the NE potential~1!, in
Fig. 1 we compare an exact Mayer function with May
functions approximated by a finite number of harmonics. F
the shear rateg* <1.0, the Mayer function can be accurate
represented using four harmonics. However, with further
crease of the shear rate, the number of harmonics need
describe the Mayer function rapidly increases. This can
seen in Fig. 1, where the exact Mayer function for the N
potential atg* 59.047 (ḡ510.0) is reproduced only by us
ing 16 harmonics. Here in the case ofg* 51.0 the values of
the shearP and normalN1 stresses are taken from th
NEMD simulation~Table I! and in the case ofg* 59.047 are
calculated from Eq.~3!. We note in passing that in
@2,3# numerical analysis of the present version of the the
for values of the shear rateḡ in the range of 10.0<ḡ
<200.0 was carried out taking into account only four h
monics.

To examine the accuracy of the present version of
theory, in Figs. 2–5 we compare the NEMD, EMD, a
MHNC results for the pair distribution functionsgne(r ),
geq(r ) and for the differenceDgne(r )5gne(r )2geq(r ) at
four different values of the azimuthal anglef50,

FIG. 4. The same as Fig. 3 but atf5p/4.
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p/4,p/2,3p/4 and two different values ofg* 50.75,1.0.
Here gne and geq are the NE and equilibrium pair distribu
tion functions, respectively, NEMD simulation is carried o
for the system with the original pair potential~4!, and EMD
simulation and MHNC theory use the NE potential~1! as an
input. Comparison and analysis of the results obtained by
NEMD, EMD, and MHNC methods lead us to conclusio
quite similar to those obtained in our earlier study@1#. As in
the low-shear-rate case@1#, the agreement between EMD an
MHNC predictions for bothgne and Dgne is good and the
agreement between NEMD and EMD results is rather po
Although the full version of the NE potential~1! substan-
tially improves performance of the theory~see Fig. 2!, its
predictions are still unsatisfactory. EMD with the full N
potential gives qualitatively correct predictions only for th
shift of the position of the first maximum and for the chang
in the phase of oscillation ofgne(r) caused by shearing
However, the corresponding changes in the magnitude of
first maximum ofgne(r) predicted by EMD have an opposit
direction in comparison with those predicted by NEMD. F
the azimuthal anglesf50 andf5p/2, shearing causes a
increase of the first maximum ofgne(r) and for f5p/4 a
decrease, while EMD predictions are in the opposite dir
tions. Only in the case off53p/4 do both EMD and
NEMD simulations predict increase of the first maximum
gne(r) due to shearing. However, at the same time, EM
strongly overestimates this increase.

FIG. 5. The same as Fig. 3 but atf53p/4.
9-4
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IV. CONCLUDING REMARKS

Using the methods of NEMD, MHNC, and EMD with
NE potential, we have tested the high-shear-rate versio
the Gan and Eu theory for the structure of fluids und
steady-state shear flow conditions@2,3#. We find that none of
the NE potentials proposed by Gan and Eu@2,3# yield satis-
factory predictions for the distortion of the fluid structure d
to shear. We must conclude that this element of the theor
not very successful. In future work we will explore oth
.
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approaches for obtaining the NE potential.

ACKNOWLEDGMENTS

This work was supported by the Division of Materia
Sciences of the U.S. Department of Energy. Oak Ridge
tional Laboratory is operated for the Department of Ene
by Lockheed Martin Energy Research Corp. under Contr
No. DE-AC05-96OR22464.
-

@1# Yu. V. Kalyuzhnyi, S. T. Cui, P. T. Cummings, and H. D
Cochran, Phys. Rev. E60, 1716~1999!.

@2# H. H. Gan and B. C. Eu, Phys. Rev. A45, 3670~1992!.
@3# H. H. Gan and B. C. Eu, Phys. Rev. A46, 6344~1992!.
@4# W. T. Ashurst and W. G. Hoover, Phys. Rev. A11, 658
~1975!.
@5# C. G. Gray and K. E. Gubbins,Theory of Molecular Fluids

~Clarendon Press, Oxford, 1984!.
@6# S. Labik, R. Pospisil, A. Malijevsky, and W. R. Smith, J. Com

put. Phys.115, 12 ~1994!.
9-5


